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In this paper we shall characterize the Mathieu simple group Maa of order 
10, 200, 960. Using the definition of the Mathieu groups given by Witt [9], 
we see that a Sylow 2-subgroup of Ma3 has a cyclic center and that the cen- 
tralizer of any involution in iVIa, is a splitting extension of an elementary 
Abelian group of order 16 by the simple group L,(7) ( = PSL(2,7)). We shall 
prove the following converse of this fact: 
THEOREM. Let G be a non-Abelian jkite simple group with the following 
properties: 
(i) The center Z of a Sylow 2-subgroup T of G is cyclic. 
(ii) If x is the involution in Z, then the centralizer C of x in G is an extension 
of an elementary Abelian group E of order 16 by L,(7). 
Then C is a splitting extension of E by L,(7) and G is isomorphic to the 
Mathieu group Mz, . 
We shall follow the notation of Janko [4]. In the whole paper G will denote 
a non-Abelian finite simple group which has the properties (i) and (ii) stated 
in the theorem above. 
1. THE STRUCTURE OF THE CENTRALIZER C AND 
THE FUSION OF INVOLUTIONS IN G 
Since the center of an S,-subgroup of G is cyclic, an &-subgroup of 
C = C(Z) is an &-subgroup of G and C(E) = E. Also, the center of any 
&-subgroup of C is equal to (z) C E. Let t be an involution in E - (x). 
Then no element of order 7 in C commutes with t and also t does not lie 
in the center of any &-subgroup of C. Hence ) C : Cc(t) 1 > 14 and so 
1 C : C,(t) / = 14. All the involutions in E - (z) are conjugate in C. The 
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structure of L,(7) gives Cc(t)/E ‘v A, . Hence Cc(t) is 2-closed and we put 
H = 0,(&(t)). Also, denote by Q an &-subgroup of Cc(t). Then 
C,(Q) = (t, x) = Z(H) and Q acts fixed-point-free on H/E. 
Suppose, by way of contradiction, that every involution in C lies in E. 
Then, by a result of Glauberman [3], we have that x is conjugate in G to t. 
It follows that E 4 C(t) and so CC N(E). An Sa-subgroup of N(E)/E is 
dihedral of order 8 and N(E)/E is isomorphic to a subgroup of GL(4,2) which 
contains properly L,(7). Hence N(E)/E is isomorphic to A, and an &,-sub- 
group X of N(E) acts fixed-point-free on E. But N(X) n N(E) has even 
order and so there are some involutions in N(E) - E, which is a contra- 
diction. 
We have proved that every coset xE of order 2 in C/E contains some involu- 
tions. Let x E E - Z(H). We have that C(x) n C,(t) C H and suppose 
C,(x) 3 E. Then the group C,(x)/E h as order 2 and since xe;t, it follows that 
C,(t)/E and C,(x)/E are two conjugate subgroups of C/E isomorphic to A, 
and whose intersection has order 2. This contradicts the structure of L,(7). 
We have proved: 
LEMMA 1. There are involutions in C - E. For any x E E - Z(H), we 
have C(x) n C,(t) = E and so P(H) _C Z(H). 
Suppose, by way of contradiction, that al(H) = (z). Then H’ = (z) 
and so every conjugate class in H consists of at most two elements. This 
contradicts Lemma 1. 
Let T be an Sa-subgroup of C containing H. Then tptz and so both t and 
tz are squares of some elements of order 4 in H. It follows that Cc(t) possesses 
at least two conjugate classes of elements of order 4. We can find in H an 
element y of order 4 so that y has precisely four conjugates in H (which lie 
in the coset YE). Thus HI = C,(y) is an Abelian group of order 16 and 
HI n E = Z(H). Since HI is not elementary, it follows that HI is not Q- 
admissible. Clearly two distinct conjugates of HI in Cc(t) intersect precisely 
in Z(H). If HI is not normal in H, then HI has six distinct conjugates in 
Cc(t), which is not possible. Hence we have HI u H, H’ = Z(H) = D(H) 
and so every conjugate class of H contained in H - E has precisely four 
elements. For any x E H - E, C,(x) is an Abelian group of order 16 and any 
two such Abelian groups of order 16 intersect precisely in Z(H). It follows 
that H has precisely four Abelian subgroups of order 16 which are not con- 
tained in E and they are the centralizers in H of each of their elements which 
are not contained in E. Hence one of these Abelian subgroups, say F, must 
be Q-admissible and so elementary Abelian. We have F n E = Z(H) and 
FE = H. 
Suppose that Q,(H,) 3 Z(H). Since tptz, it follows that precisely twelve 
elements of order 4 in H have their square equal to t and also precisely twelve 
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elements of order 4 in H have their square equal to $2. There are three 
distinct conjugates of HI in Cc(t). Hence rjr, must contain precisely four 
elements of order 4 whose square is equal to t and preciseIy four elements of 
order 4 whose square is equal to tz. Let yr , ya E lY1 so that yr2 = t and 
ysa = tz. But then (y,~,)~ = x, which is a contradiction. This shows that Hr 
must be an Abelian group of type (4,4) and so each of the involutions in 
Z(H) is the square of precisely twelve elements of order 4 in H. Also, F Q T 
and we may assume that H1 q T because one of subgroups of type (4,4) 
of H must be normal in T. Finally, if y1 , y2 E H and yla = t, ys2 = tz, then 
y1 is conjugate toy, in 7’. Let a be an involution inF - E so that (0, E) <I T. 
The coset vE contains precisely four involutions and so we must have 
T = EC,(v), C,(v) = F, and C&v)/<t, z> is isomorphic to a dihedral 
group D, of order 8. The coset vE contains precisely four elements of order 4 
whose squares are equal to z. Let w be one of them. Then, clearly, w E H1 , 
T = EC,(w), C~(~)~Z(~) rrj L), , and / C,(w) : W, / = 2. 
Let d be an element in C,(V) -F so that 6s E VE. Since the elements in 
vE n F are conjugate in H, we may assume that 3 = v. Then we obtain 
C,(G) = (x} x (a> and so the set ZE v G-lE contains precisely sixteen 
conjugates of 5 in T, 
Let 6 be an element in C,(w) - HI so that &? E wE. Again, since the four 
elements in WE n H, are conjugate in El, we may assume that @ = w. Since 
ru2 = a, it follows that 6 is an element of order 8 and (3) is self-centralizing 
in C. Thus the set 97E u +E contains precisely sixteen conjugates of 6 in 
C because C/E has only one conjugate class of elements of order 4. We have 
determined all conjugate classes of &elements in C. We have proved the 
following result: 
LEMMA 2. The group C has precisely three conjugate classes of involutions 
with the repres~tat~ves x, t and v. Here t E E and C,-(t) = HP, where 
H = O,(Co(t)) has order 26 and f! is an S,-subgroup of Co(t). We have 
jFi’ = D(H) = Z(H) = ?.P(H) = C,(Q) = (t, z) and all the invoiutiopts qf H 
tie in the e~e~~t~~ su~~o~ps E andF of order 16 wh@e E n F = Z(H). The 
involution v lies in F - E and T = EC,(v) is an S,-subgroup of C. Also, 
GE(V) = Z(H) ad GdWtlJ) is isomorphic to a dihedral group II, . The 
group C has precisely three conjugate classes of e~n~ts of order 4 with the 
representatives y, w and d so that ya = t, w” = x, and 6 = v. Also 
f4 = Gw = G&Y) is an Abe&an group of type (4,4) contuined in H so that 
HI n E = Z(H) and HI 4 T. We may take w E HI and we have 
C&w) = CT(~), Cc(w)/Z(H) 111 D, . The centralizer C,(E) is of order 8 and 
Cc(G) = (x) x (6). Finally, C has only one class of elements of order 8 
with the representative 6 so that dir2 = w and <w) is se~-c~tyul~~~ng in (3: 
Let X be an elementary Abelian subgroup of order 16 contained in 7’. 
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If X C H, then either X = E or X = F. Suppose that X $ H. Since 
T/E N D,, it follows that 1 X n E j > 4. If 1 X n E 1 > 4, then 
X n H = X n E has order 8 and we know that C&X n E) = E, which is a 
contradiction. Hence we must have / X n E I = 4. If X n E $2(H), then 
C,(X n E) = E, which is a contradiction because / X n H 1 = 8. It follows 
that we have X n E = Z(H). But then X C H, which is a contradiction. We 
have proved: 
LEMMA 3. The Sylow 2-subgroup T of G has precisely two elementary 
Abelian subgroups E and F of order 16 and they are normal in T. 
Suppose, by way of contradiction, that x is not conjugate in G to t. Then, 
by a result of Glauberman [.?I, z is conjugate in G to V. We have v E F and 
C(F) = F. Let T* be an &-subgroup of C(V) containing Cc(v). Then F a T* 
and so N(F) $ C. But the set (t, tx} is N(F)-invariant. Hence (t, z) Q N(F) 
and so (z) 4 N(F), which is a contradiction. 
We have proved that the involutions in E lie in the same conjugate class 
in G. Let T* be an Sa-subgroup of C(t) containing H. Then E Q T* and so 
N(E) $ C. Hence N(E)/E is isomorphic to a subgroup of GL(4,2) which 
contains L,(7) properly and whose &-subgroups are dihedral of order 8. 
This gives N(E)/E N A, and so we have proved: 
LEMMA 4. The involutions in E lie in the same conjugate class in G and 
N(E)/E is isomorphic to A, . 
The structure of A, gives that C(v) n N(E) = C,(v) Q*, where Q* is a 
subgroup of N(E) of order 3, Q*(t, a) Q C(v) n N(E) and, since Q* g C, 
we also have Q*(t, z) ‘v A, . Since 
(4 x> 4 Gd4 and Wt, x>) n Gdv> =F, 
it follows thatF Q CK(E)(v). A Frattini argument gives that 
G(&) = (t,4L, 0, x> nL = 1, 
and L = N(Q*) n CN(&v). Clearly, L n C,(v) N DB and L n C,(v) n E = 1 
and so T splits over E. A result of Gaschiitz [2] gives at once the following 
result: 
LEMMA 5. The group C is a splitting extension of E by L,(7) and the group 
N(E) is a splitting extension of E by A, . 
We note also that N((t, z)) C N(E). Let D be an ,$-subgroup of N(E). 
Then N(P) n N(E) n E = 1 and N(P) n N(E) = PV where V is a cyclic 
group of order 4 which acts fixed-point-free on P. Thus N(E) has precisely 
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two conjugate classes of subgroups of order 3. Suppose that 
C(Q*) n E = E f 1. Then B is a four-group and B is (F n ~)-admissible. 
This contradicts the structure of C(E) because an &‘a-subgroup of C,(Q) 
is of order 4. Hence Q* acts axed-point-free on E and so, in particuIar, Q* is 
not conjugate in N(E) to Q. We have proved: 
LEMMA 6. The s~~g~o~~~Q andQQ* Me not conjugate in N(E), j C,(Q) j = 4, 
md C&Q*) = I. Hence QB ~~-~~bg~~~~ of iv(F) f~ hi(E) is of order 3 and sime 
(I n Cl/F = S, , it fo~~o~s that ~~~~~ CT ~(E))~~ = AB, where 1 A 1 = 3, 
.BNS~,A<IAB,~~~A~B== 1. 
Suppose now, by way of contradiction, that G has two classes of involutions. 
Suppose also that C&e} is not an Sa-subgroup of C(v). Let T* be an Sa- 
subgroup of C( ) v containing C&G). Then F u T* and so N(F) $ N(E). 
Since z is not conjugate to v, it follows that {t, s) (1 N(F), which is a con- 
tradiction. Hence Cc(o) is an &-subgroup of C(v). The action of (t, Z} on 
O,(C(v)) shows that O~,(C(~)) = 1. If C(v) C N(E), then N(E) contains the 
centralizer in G of each of its involutions. This gives a contradiction, by a 
result of Thompson [5]. Hence C(U) $E ~(~). Suppose that an element 
x E C,(v) - Pis conjugate in C(v) to an element inF. Then x is an involution, 
C(X) n C~~~~(~~ is a 2-group of an order less than 1 P ] , and 
C(U) n (t, x> = (z}. Let Y be an &-subgroup of C(X) n C(v) containing 
C(X) n CN&v). Then Y > C(X) n C,&J) and also 
which is a contradiction. We have proved that the focal group S* 
of S = Cc(v), with respect to C(o), must be contained in F. Suppose that 
S* = F. Then C(v) has a normal subgroup Mr of index 2 such that 
M1 n Cc(w) = F and &I1 has no subgroups of index 2. But <v> splits in F 
and so I&& = (v) x MS ) which is a contradiction. We have shown that 
S* = (t, 8, v> (since S* CF). Hence C(v) has a normal subgroup M such 
that C(v) = MS and M n S = {t, z, v}. Since (v) C Z(M) and <v> splits 
in (t, 5, z), it follows that M = <v> x M1. Since Q* C ~~~ we have 
(t, Z) = [Q*, (t, z)] _C M1 <I C(v) and so M, n S = (t, z> is an Sa-sub- 
group of it& * We have CM&z) = (t, x}, iV,$(t, z)) = (t, Z} Q*, and 
M1 3 (t, x> Q*. Thus, by a result of Suzuki [7], we have Iw, N A, . Also, 
F n L centralizes {t, Z) Q* and so FMi = (F n L) x M1 . An involution 
7 E (5’ nL) -F must induce an outer automorphism on M1 since t7 = tz, 
27 = z and 7 inverts Q*. Hence M;(T) c~ S, . Let ~1~ be an involution in 
F n L which is distinct from v. We know that v,, is conjugate to v 
and so C(v,> R C(u) = FM1 and 1 C(v,) : FM, / = 2. Note that 
C(<v, v,)) = {v, vl> x Mi and both (9, vX> and n/r are characteristic 
subgroups of F&f1 . It follows that D = (C(U), C(@) = N((v, vi}), and 
CHARACTERIZATION OF MATHIEU SIMPLE GROUPS, II 25 
M, 4 D. An &-subgroup of D has order 9 and so K = C,(M,) N A,, 
K 3 (v, v,), and K n MI = 1. Let K3 be an Sa-subgroup of K which is 
normalized by 7. Then K(T) N S, and D = MIK(r). Every involution in 
D - MI is conjugate in G to v and every involution in MI is conjugate to z. 
Also, note that (t, z) 4 N(F) and so N(F) _C N(E) because N((t, a)) cN(E). 
Hence P = K3Q* is an Sa-subgroup of N(F). It follows that 
N(p) n N(E) = PP w h ere p is a cyclic group of order 4. Let or be an 
involution in N(Q*) n MI which is centralized by 7. Then the four-group 
(7, or> also lies in N(p). Note that the involution in P is conjugate in G to v 
and also 7 and 7~~ are conjugate in G to v whereas 7r is conjugate in G to a. 
By the structures of centralizers of involutions in G we see that 1 C(P) / 
is odd and so an &,-subgroup J of N(p) is a subgroup of the semidihedral 
group of order 16. It follows that J is either a dihedral group of order 8 or a 
semidihedral group of order 16. In any case, the involution in Z( J) is conjugate 
to v in G. We may also assume that (7, or) C J and so Z(J) = (T) 
or Z(J) = (~7~). But then the involutions in (7, or) - Z(J) are conjugate 
in J, which is a contradiction. We have proved the following important 
result: 
LEMMA 7. All involutions are conjugate in G and so also all elements of 
order 4 are conjugate in G. 
We shall now determine the structure of N(F). Let (t, z) and i? be the 
unique irreducible “subspaces” of Q* on E. Since the involution 7 inverts Q* 
and normalizes (t, z), it follows that 7 normalizes E and l?(7) N D, . Thus 
F splits in N(F) and an &-subgroup of N(F)/F is a dihedral group of order 8. 
On the other hand, F 4 T*, where T* is an Sa-subgroup of C(v) containing 
Cc(v). Hence N(F) g N(E). But F contains precisely fifteen involutions and 
N(F) n C(z) = TQ. Thus 1 N(F)/F 1 = 2a * 32 * 5 and so, using the structure 
of GL(4, 2) we obtain the following result: 
LEMMA 8. The group N(F) is a splitting extension of F by the group A& 
zLhcve 1 A 1 = 3, B N S, , A 4 AB and A n B = 1. 
2. THE ~-STRUCTURE OF G 
The purpose of this section is to prove the following result: 
LEMMA 9. The Sylow 3-normalizer in G is a splitting extension of an 
elementary Abelian group P of order 9 by a semidihedral group of order 16. 
Also, C(P) = P and all elements of order 3 are conjugate in G. We have 
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N(Q)=QUwhereQnU=1,U~S5,andC(Q)=Q~Owhere8CU 
and ~.YA~. 
Proof. We use the notation introduced in Section 2. Let P be an Ss- 
subgroup of N(E) n N(F). Then P is elementary Abelian of order 9. Since Q 
and Q* are not conjugate in N(E) and both Q and Q* centralize some involu- 
tions in N(E), it follows that all elements of order 3 in P lie in the same 
,conjugate class in G. There is a subgroup X of order 15 in N(F) such that 
j X n P 1 = 3. This shows that 5 / 1 C(Q*) ] . We have 
C(Q*) n N(E) = Q* x Y 
where Y 11 A, and there is an involution i in N(E) such that i inverts Q* 
and Y(i) N S, . Clearly, an Sa-subgroup of C(Q*) is a four-group and all 
involutions of C(Q*) are conjugate in C(Q*). Also, the centralizer of an invo- 
lution in C(Q*) is a four-group. Thus, by a result of Suzuki [7], we have 
C(Q*) = Q* x P with P N A,. The lemma follows. 
3. THE EXCEPTIONAL CHARACTER THEORY OF G 
We shall use the following character table of L,(7) given by Schur [6]. 
Here p = Q (- 1 + i(7)‘/“). 
Order 
of element 
1 1 7 8 6 3 3 
-- 
2 1 -1 0 2 -1 -1 
4 1 -1 0 0 1 1 
-- -- 
3 1 1 -1 0 0 0 
-- 
7 1 0 1 -1 P B 
-- 
7 1 0 1 -1 P P 
We put Q = (c) and let d be an element of order 7 in C. The character 
table of L,(7) gives six irreducible characters x1 = 1, ~a ,..., xs of C which 
have E in the kernel. Note that C has precisely ten real conjugate classes and 
so C has precisely ten real irreducible characters and three complex conjugate 
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pairs of nonreal irreducible characters. We also see that C/(z) has precisely 
eleven conjugate classes and precisely nine of them are real. Hence we may 
put that the irreducible characters x7 , xs ,..., xrr of C are real and they have 
(z) in the kernel. By the orthogonality relation for C/(z) we have 
Xi(d) = x&-l) = Xi(&) = x@lz) = 0, 7<i< 11. 
Since X,(C) is an integer, it follows that xi(c) = 0 or & 1 and so we may put 
X,(C) = X*(C) = 0 and xs(c) = f 1, n,,(c) = & 1, xrr(c) = f 1. Thus we 
have x,(l) = 2%) x6(l) = 2%) x9(1) = 7k,, no(l) = 7&, xll(l) x 7krr , 
where Ki 1 87 < i < 11. Also x7 and xs vanish on all 3-singular elements of C. 
From 
Fl (Xi(l))" = 1344 
it follows that we may put K, = K, = k,, = K,, = 1, K, = 2. Then, by 
the orthogonality relations, we can compute all values of x7 , xs ,..., xrr 
up to a sign x,(G) = E = & 1. But since C has only one class of elements of 
order 8, we can find an element x E C such that E+ = 6-l. Clearly, x is an 
element of 2-power order and x2 E (6). Hence (x, 6) n E = (z) and 
X = (x, e?r) is either a generalized quaternion group of order 16 or a dihedral 
group of order 16. Since CyeX x,(y) = 0 (mod 16), we obtain in any case E = 1. 
We choose the notation so that xl2 is a real irreducible character of C and 
xl4 = Xl3 y xl6 = Z15 . Here xl2 , xl3 j-9 xl6 are all irreducible characters of C 
which do not have (z) in the kernel. They are faithful characters of C and for 
these characters xi we have xi(l) = - x,(z). Also, 
(Xx2(l))” + 2(X14(1))~ + ~(XME(~))~ = 1344 
and xi(l) 1 168, i = 12, 13 ,..., 16, shows that we may put 3 { ~~~(1) [and 
XI~(C) = f 21, 3 7 x14(1) [and n4(4 = f 4 3 lx16(1), and so x12(l) = 8, 
x14( 1) = 8, xIs( 1) = 24. By using the orthogonality relations we can now 
easily complete the character table of C. 
For the special classes of C, in the sense of Suzuki [8], we take the con- 
jugate classes of C with the representatives z, w, 6, cz, dz, and d-?z. Then 
we easily find a basis of the module of generalized characters of C which 
vanish outside of the special classes: 
41 = Xl + Xl0 - Xl2 9 
$3 =x5 +x7 - Xl6 9 
*3 =$2 =xs +x7 -x15 > 
#4 = x2 - x5 + X6 +x11 -x12 -x15 9 
$5 =x3 - x4 + x7 - Xl0 -x13 -x14 9 
lcI6 = x4 + x3 + x9 + Xl0 - x15 -xx * 
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By the Frobenius reciprocity law, we obtain the following result. If X is an 
irreducible character of G which appears with the multiplicity ni in the 
induced generalized character 4: of G, i = 1, 2,..., 6, then 
X(u) = n1 + %X5(4 + %X6(4 + (% + n4) X2(“) + %X3(4 + %X9(4 
where u is an element of the special classes of C. Hence we have in particular 
x(z) = n, + lOn, + 3n, + 7n, + 88, + 14n,, 
X(w) = n, - 2n, - n3 - n4 + 2n, , 
X(25) = n, + n3 - n4 ) 
X(cx) = n, + n2 + n4 - n5 - n, , 
X(4 = n, + pn, + pn, + ns , 
X(d-lx) = n, + pzn, + pn, + nj . 
We also have <@, Icr,*>~ = ($i , &>c and (1~~ @?G = (xl, A>c . If 0 
is an element of the special classes of C, then #T(u) = &(u). If, however, 
u’ E G and u’ is not conjugate to any element of the special classes of C, then 
z,!$(u’) = 0. These facts give some information on the decomposition of @ 
and will be used repeatedly. 
The right-hand sides of the Suzuki order formulas [S] corresponding to 
the subgroup C and the generalized characters & , #a are 9% and t , respect- 
ively. 
LEMMA 10. We have 
?b,* = 1 + 4G + ‘z-5, 
where 4, X2, Y,, Yz, Y3, Yz, F3 are distinct nonprincipal irreducible 
characters of G and ci , 71~ are equal & 1. The characters XI , X2 , YI are real 
(and in fact XI , X2 are rational) and Yz , Y3 aye nonreal (yz f Y3). More- 
over, <Xl, #,*> = cl, <Xl ,.#,*) = 0 or I cl, and (X, , #.$) = 0, cl OY 
29. If (Xl, hi? = k, then (Xl, $49 = - cl. If (Xl, @> = cl, 
then (X, , #J,“> = 0. 
proof. We have #,* = 1 + +X1 + l aXa , where l i = & 1 and X1 , X, 
are distinct nonprincipal irreducible characters of G. Since #,” is rational, 
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it follows that every algebraic conjugate of X1 and X, must appear with non- 
zero multiplicity in $F. This fact, together with @(I) = 0, shows that X, 
and X, are rational. 
From (&?, $,*) = 1 and @ = ($a)* = $3” follows that we may put 
where Yr is a real nonprincipal irreducible character of G and Ya f Y3 
are nonreal irreducible characters of G with ya f Ya . From (#f, I@) = 0, 
i = 2, 3, it follows that Yi f X1 and Yi f X, . 
We have <#,*, $4) = G,G, ($4)*) = <#4, $4,> = 4. Since W, S$> = 1, 
the notation can be so chosen that (Xi, 4:) = 29 or Q . Suppose that 
<Xl 9 vm = 2% * Then #$ = 2~,Xr - ,aX, + 7Y with some nonprincipa1 
irreducible character Y(# Xi) and 7 = f 1. This contradicts ($,*, @) = 4. 
Hence we must have (Xi , #:) = or and then also (X, , #2) = 0. Since 
(+,*, @> = - 1, it follows that <X1 , $,*) # 2~~ . Suppose that 
<Xl, $3 = - 2%. Then we have @ = - 29X, + ezX, + [Z which, 
together with (#4 , I@) = 0, gives #$ = t-,X, + 252 + a** , where 5 = f 1 
and Z(# Xi) is a real nonprincipal irreducible character of G. (Note that $z 
and #,* are real). But this contradicts (#,*, $,*) = 4. Suppose now that 
I),* = EIXl - 2E,Xa + *** which, together with (@, $,*) = 1, gives that 
#,* = QX, - 2~,Xa + qrYr. If, in addition, (@, X,) # 0, then 
($2, #t) = 1 gives that we must have 4: = - l rXr + 29X, + *+. or 
#,* = 29X, - l aXa + *a* or I@ = E~X, + *me (no X,), which all contradict 
(I/,“, I,/J$) = - 2. Hence in this case we must have (@, X1) = 0. 
Since <$,*, @) = I, we have (Xi , 4;) = - <I , 0, q or 29 . Suppose 
that #,* = 2e,X, - <aXa + **a . Then by our previous results we have 
(Xl, a),*) = 0 or - pi. If (Xi, (cl,*) = 0, then $J$ = - +X2 + *a* (no X1), 
which contradicts <@, St> = - 2. Hence we must have <X1, @) = - or 
in this case. Suppose now that I,&$ = - QX, + 2c2Xa + +** which, together 
with (t/t, I&$) = (#,“, #,“) = 1, gives #$ = - QX, + 2~aXa + 7rYr. But 
this contradicts (I,@, I@) = 2. The lemma is proved. 
4. THE ORDER OF G 
The Suzuki order formula corresponding to $r gives, together with 
#z(l) = 0 and &f(z) = #i(z) = 16, 
g((l + x1) (x1 + ‘q - x,(f, - 15)s) = 212 * 3 * 74 * x1( 1 + x,), 
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where g = 1 G / , x1 = l iX,(l), and $1 = ~iXi(.z). Note that x,(1 + xi) 
must divide g. We examine now the six possibilities of Lemma 10: 
Case I: Since CUGE X,(y) = 0 (mod 16), we have, in this case, x1 zz 28 
(mod 16) and so 
(1 + Xi) (x1 + 282) - 132x1 = 274 
where k is a divisor of 3 * 7”. The discriminant of the quadratic equation 
xl2 + 580x, + 16(49 - 8k) = 0 
is 16(20,829 + 32k) and so 20,829 + 32k > 0 must be a perfect square, 
which is not the case. 
Case 2: In this case we compute that X,(U) = 0 and X1(~) = 0. On 
the other hand, we conclude from Lemma 2, that an S,-subgroup T of G 
consists of one unit element, thirty-five involutions, seventy-six elements of 
order 4, and sixteen elements of order 8. Hence in this case we have 
x1 = - 48 (mod 128) and so 
(1 + x1) (x1 + 162) - x, = 2Ok, 
where k is a divisor of 3 * 74. The discriminant of the quadratic equation 
xl2 + 2%~~ + 28(1 - 2k) = 0 
is 21°(63 + 2k) and SO 63 + 2k > 0 must be a perfect square. This gives 
k = - 7 and x1 = - 16 or x1 = - 240, which is a contradiction. 
Case 3: In this case x1 = 8 (mod 16) and so 
(1 + x1) (x1 + 64) - 49x, = 28k, 
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where k is a divisor of 3 . 74. The discriminant of the quadratic equation 
xl2 + 16x, + 64( 1 - 4k) = 0 
is 21°k. This gives k = 1, 72 or 74. If k = 1, then x1 = 8 or - 24 and so 
g = 2’ * 3s * 74 or g = 27 . 32 . 74 -23. Th’ IS is a contradiction since 5 1 g. 
If k=72, then x,=-l20 andg=27*22.5*73*17 or x,=104 and 
g = 2’ * 32 . 5 * 73 . 13. Since the order of a Sylow 3-normalizer is 9 . 16, 
we see that the first case cannot occur. Hence we haveg == 27 * 3s * 5 * 7s . 13. 
By Sylow theorems we see that the index in G of a Sylow 13-normalizer X 
is either 25 - 32 - 7 or 26 * 32 * 72. I n any case an &-subgroup X5 of X is 
normal in X. But we know that an S,-subgroup of N(X,) is cyclic of order 4 
and an &-subgroup of N(X,) is of order 3. This gives 1 G : N(X,) j = 25 . 3 
and so 1 N(X,) : X / = 3 * 7 or 2 .3 . 72, which is a contradiction since we 
must have I N(X,) : X / = 1 (mod 13). This case is ruled out. If k = 74, then 
.rr = - 8 .99 or 8 . 97. In the first case 27 I g, which is not the case. In the 
second case we compute xr = - 24 (mod 128) and so we again have a 
contradiction. 
Case 4: In this case x1 = 22 (mod 16) and so 
(1 + x1) (xi + 222) - 49x, = 26k, 
where k is a divisor of 3 * 74. The discriminant of the quadratic equation 
xl2 + 436x, + 4(121 - 16k) = 0 
is 28(735 + k) and so 735 + k > 0 must be a perfect square. This gives that 
k = 72, 74 or 3 . 73. We compute that X,(w) = 2~ , X,(C) = 0 and so we get 
x1 E - 26 (mod 128). If k = 72, then x1 = 6 or - 442, which is a contra- 
diction. If k = 74, then x1 = - 666 or 230. However, in the first case 27 
divides g, which is not the case. Hence we must have x1 = 230, l 1 = 1, 
E2 = - 1, and g=2r*32*5*7-11*23. Finally, if k=3-73, then 
x1 = 118 or x1 = -- 554 and the congruence x1 = - 26 (mod 128) is 
violated. 
Case 5: In this case we see that X1 vanishes on all nontrivial 2-elements 
and so x, = 128x; , where xi is an odd integer. Thus we have 
(1 + x1) x1 - 225x, = 212k, 
where k is a divisor of 3 . 74. Since the quadratic equation 
x12 - 224x, - 212k = 0 
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has the discriminant 21°(49 + 16R), it follows that 49 + 16k > 0 must be a 
perfect square. This gives k = - 3 or 3 * 72. If k = - 3, then g < 0, 
which is a contradiction. If k = 3 * 72, then 5 rg, which is a contra- 
diction. 
Case 6: Here xi = 14 (mod 16) and so 
(1 + Xl) (Xl + 142) - x1 = 2%, 
where k is a divisor of 3 * 74. The quadratic equation 
Xl2 + 142x, + (142 - 2%) = 0 
has the discriminant 2*(3 * 72 + k) an d so 3 * 72 + k > 0 must be a perfect 
square. This gives k = - 3, - 3 . 72 or 72. However, if k = - 3 or - 3 * 72, 
then g C. 0, which is a contradiction. Hence we must have k = 72. This 
gives x1 = 14 or - 210, which violates the congruence x, = - 2 (mod 128). 
We have proved the following result: 
LEMMA 11. The order of G is 27 * 32 - 5 * 7 * 11 - 23. Also, we have 
(Xl >m = 619 (Xl , #,*) = 0, (Xl , #,“> = cl , cl = 1, and X,(l) = 230. 
5. THE CHARACTER TABLE OF G 
We shall now determine yi = QY,( 1). Since ($t, 4:) = 4, it follows that 
every irreducible character of G appears in 4,” with the multiplicity 0 or & 1. 
Furthermore, since zJ$ and $,” are real, it follows that ( Yi , $7) = ( yi , z@), 
where i = 2, 3 and j = 5, 6. Also, clearly, (Yi , ~+5:) = 0, & Q , where 
j = 5, 6. 
Suppose now that (Yr ,4,“) = - Q . Then 
*,*=x2 -71y1 +?Izy2 +32y3 +rl272 + 77J2 
and this contradicts (@, 4,“) = - 2, (@, Z/J,*> = 1, (#,“, 4,“) = 1 in any 
case. Suppose that (Y1 , #,“) = - vi . Then 
Icrf =x1 -771y1 +rlzy2 i-Q2 +727* +%I', 
and this similarly contradicts (#,*, Z/J,“) = - 2, ($,*, I+L$) = 1, (I,@, @) = 1. 
It remains to consider the following twelve possibilities for the multiplici- 
481/9/I-3 
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ties ni = (YI , @), i = 4, 5, 6. We also compute y1 = e (mod 128), 
) e 1 < 128 and put g = / G ! , yi = qiYi(l), i = 1,2,3. 
9 j 
I 
-71 I 0 / 0 ~ 38 
12 -71 91 lr- 
I 
71 12 
Because, on the other hand, y1 divides g, y12 < g and, by a result of Feit [I], 
1 y1 1 3 22, we get the following possibilities for y1 with respect to the above 
cases: 
Case Yl Yl 
-- -- 
3 -35 7 4.5.11 
4 5 . 23 10 -4.5.11 
1 -5.23 5 4. 11 .23 
2 5 .23 .9 12 -4. 11 23 
8 2.9.5 10 4.3.5.7 
9 -2.9.5 7 -4.3.5.7 
7 4 . 23 12 4.3.7.23 
10 -4.23 5 -4.3.7.23 
12 4.5.7 7 4.3.11.23 
5 -4.5.7 10 -4.3.11.23 
10 36 12 4.9.11 
7 -36 5 -4.9.11 
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Let us consider Case 1, where yr = - 5 * 23. Here we may suppose that 
W2 , #,*> = 0 of- - yzI (Y2, +G+> = r/2, <Y,, Icl,“> = 0. If <Y2, $3 = 0, 
then y2 = 34 (mod 128). From y2 [ g and ya2 <I g it follows that yz = - 990. 
This is a contradiction since ya = - yr - y2 does not divide g. If 
(Y, , @) = -- 72 , then y2 = 59 (mod 128). Again, from yz 1 g and y22 < g, 
we have y2 = - 69 or y2 = 315. However, in the second case, ys = - 200 
does not divide g. Hence we must have y2 = - 69, ys = 8 * 23 = 184. But 
then the Suzuki order formula corresponding to #2 gives a contradiction. 
Case I is ruled out. 
Consider Case 2. We may assume that (Y2, #f) = 0 or - y2, 
(Y, , $,*) = Q , ( Y2 , @) = 0. If ( Y2 , @) = 0, then yz = 43 (mod 128) 
and so y2 = - 990. If (Ya , #:) = - q2 , then y2 = - 69 or y2 = 315. If 
yz = 315, then y3 = - yr - y2 = - 1350 does not divide g. If y2 = - 69, 
then the Suzuki order formula corresponding to $2 gives a contradiction. 
Hence we must have ( Y2 , I,@) = 0, yz = - 990, ys = - 45. It follows that 
71 = 1, 72 = - 1, r/a = -- 1. 
Now consider Case 3. Here yr = - 35. We may assume that 
CJ’,, @> = 0, - r12, <Y2, @> = 0, and (Y, , $,*) = 71~. If (Y2, $2) = 0, 
then y3 = - 45 (mod 128) and so ys 1 g and ya2 <g give ya = - 45. But 
then y2 = - yr - ys = 80 = 16 * 5, which contradicts y2 = 24 (mod 16). 
If ( Y2 , $$) = - ?2, then y2 = - 47 (mod 128), which contradicts y2 / g. 
Case 3 is ruled out. 
Consider Case 4, where yr = 5 * 23. We have (Y2 , #:) = 0 or - 712, 
(Y, , #,*) = 0, and (Y2, #$) = 0. If (Y2, $$) = 0, then y2 = 58 (mod 
128). Hencey,== -2.5.7 ory,= -2.3.7.23 ory2= -2.9.11. 
Since we must also have y3 =: - (yr + y2) / g, it follows that only the case 
y2 = - 2 * 5 * 7 is possible. But the Suzuki order formula for #2 also gives a 
contradiction in this case. If ( Y2 , @) = - ri2 , then y2 E - 45 (mod 128) 
and SO y2 = - 45 and ys = - 70, which again contradicts the Suzuki 
order formula for G2 . 
Consider Case 8, where yr = 2 * 9 * 5. Here we have ( Y2 , @) = - v2, 
(Y2 , @) r= 0, (Y2, #,“) = 0, and soy2 = -- 45 (mod 128). Hence we have 
y, = - 45 and ys = - 45. This contradicts the Suzuki order formula 
corresponding to $2 . 
Consider Case 9, where yr = - 2 * 9 * 5. Here we may assume 
<Y2 , 4,“) = 0, ( Y2 , @) = 71~ , and ( Y2 , @) = 0. This gives y2 = - 990 
andy, = 1080. But this is a contradiction sincey, {g. 
Consider Case 5. Here we may assume ( Y2 , #$) = - 7, , (Y, , #,“) = y2 , 
and ( Y2 , @) = 0. This gives y2 = - 69 or y2 = 315. But we see in any 
case that y3 = - yr - y2 does not divide g. 
Let us now analyse Case 7. Here we may assume that (Y2 , #f) = - v2 , 
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(Y2 , 4,“) = 0, and (Ya , @) = 0. Th’ g’ is Ives y2 = - 45, which is a con- 
tradiction since ys = - yr - ys does not divide g in any case. 
Now consider Case 10. We may assume that (Ya , $2) = 0, 
v2 3 *,*> = 72, and (Y, , #,*) = 0. This gives y2 = - 990, which is a 
contradiction since ys 7 g, 
We now consider Case 12. Here we have (Y2, @) = 0, i = 4, 5, fj. This 
givesy,=-2.557 ory,=-2.3.7.23 ory,=-2.9911. Using 
the fact that ys must divide g, we obtain only the following possibilities: If 
yr=4.5*7, then y2=y3=-2’5.7. If y,=4.3*7*23, then 
y,=ya=-2.337723. Ify,=4*9*11, theny,=y,=-2.9.11. 
But all these possibilities contradict the Suzuki order formula for lc12 . We 
have proved the following result: 
LEMMA 12. We have 
*,* = 1 + Xl - x2, 
I$,* = Yl - Y2 - Y, , 
#,* = Yl - F2 - F3, 
I++=x1+Y,-F2+"', 
lg=x,-Y2-Y2$-., 
zq=-&+y,+--, 
which gives the precise multiplicities of Xi , Yi , Fi in #f, j = 1,2,..., 6. Also, 
we have X,(l) = 230, X,(l) = 231, Y,(l) = 1035, Y,(l) = 990, and 
Y,(l) = 45. 
Since ($2, I+%,*) = 2, it follows that every irreducible character of G 
appears in #,* with the multiplicity 0 or & 1. We have 
*,* = x2 - Y2 - F2 + 5,z, + 52-G + i&7, 
#J,* = Xl -I- Yl - 51-G - 52-G f 54-G + 55-G 9 
where & = & 1 and Zi , i = 1, 2 ,..., 5 are distinct nonprincipal irreducible 
characters of G which are different from all Xi , Yi , vi . There are essen- 
tially three possibilities for q$: 
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where ci = & 1 and 2, , 2, are new nonprincipal irreducible characters of G. 
Put [,Z,( 1) = zi . 
Case I. We have x1 = 3 (mod 128), z, = - 27 (mod 128), and x5 = 23 
(mod 128). Then from zi 1 g and +a < g it follows that z, = - 253, 
x, = 2,277, and zg = 23 or xg = - 105. This contradicts #$(I) = 0. 
Case II. We have za = 1 (mod 128), zq = - 27 (mod 128), and 
xa = - 25 (mod 128). Then the fact zi / g gives za = 385, z4 = 2,277, and 
za = 231. This again contradicts @(l) = 0. 
Case III. Here we have zr = 3, zzs = z, = - 25, zq = z, = - 2, 
z2 E - 22, za = - 24 (mod 128). Then zi I g, zi2 <g and #F(l) I= 0, 
i=4,5,6giveatoncez,=- 253, x2 = - 22, x3 = 2024, x4 = x5 = - 770, 
and xg = zr = 231. This also implies that & = - 1, 5s = - 1, 5s = 1, 
5, = 5s = - 1, and [a = & = 1. We have proved the following result: 
LEMMA 13. The generalized characters @ of G have the following decom- 
positions: 
+: = 1 + Xl - x2, 
zj,* = Yl - Yz - Y, ) 
where distinct symbols denote distinct irreducible characters of G. We also have 
X,(l) = 230, X,(l) = 231, Y,(l) = 1035, Y,(l) = 990, Y,(l) = 45, 
Z,(l) = 253, Z,(l) = 22, Z,(l) = 2024, Z,(l) = Z,(l) = 770, 
Z,(l) = Z,(l) = 231. 
Using the theorems of Sylow, we at once have the following result: 
LEMMA 14. A Sylow 23-normalizer is a Frobenius group of order 23 * 11. 
A Sylow 1 l-normalizer is a Frobenius group of order 11 . 5. A Sylow 7-nor- 
malizer is contained in the centralizer of an involution (and has order 7 * 2 * 3). 
A Sylow 5-normalizer is contained in the normalizer of a subgroup of order 3 
(and has order 5 * 4 * 3). Hence G has precisely seventeen conjugate classes and 
only seven of them are real, 
It follows that G has precisely two irreducible characters W, , W, , which 
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vanish on all 2-singular elements. Moreover, we must have 2, = 2, , 
2, = & , W, = m1 and so the set of real irreducible characters of G is 
We obtain W,(l) = WS(l) = 896. Since #,* and I@ are rational, it follows 
that the characters 1, X, , Xa , Yi , 2, , 2, , 2, are in fact rational. It is now 
easy to complete the character table of G. In particular we obtain the follow- 
ing result: 
LEMMA 15. The smallest degree of a faithful complex representation of G is 
22. The group G has one and only one irreducible character Z, of degree 22 
with the following values. 
Order 
of 
element 
i z, 
1 22 
2 6 
4 2 
8 0 
6 0 
14 -1 
14 -1 
I 
I 
3 / 
: 
4 
5 I 2 
15 
15 
i -1 
-1 
11 0 
11 0 
23 -1 
23 -1 
6. THE COMPLETION OF THE PROOF 
We shall prove the following result: 
LEMMA 16. The group G has a subgroup H of index 23. 
Proof. Let X be a subgroup of N(E) such that X/E ‘v A,. Then we see 
that X consists of one unit element, 195 involutions, 720 elements of order 8, 
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1,260 elements of order 4,2,304 elements of order 5, 800 elements of order 3, 
and 480 elements of order 6. Hence we may compute (2, , 1)x = 2, where 
2, is the irreducible character of G of degree 22. Let Y = X,X, be a Sylow 
3-normalizer in X, where X, is an elementary Abelian group of order 9 and 
X, is a cyclic group of order 4. Then we see that Y consists of one unit ele- 
ment, nine elements of order 2, eight elements of order 3, and eighteen 
elements of order 4. This gives (2, , I)= = 4. Let Yr be a subgroup of 
N(X,) such that Yr r) Y and an &-subgroup of Yr is a quaternion group (of 
order 8). Then we see that Yr consists of one unit element, nine elements of 
order 2, eight elements of order 3, and 54 elements of order 4. Hence we 
may compute (2, , l)r, = 3. These results show (since 2 + 3 > 4) 
that G = (X, Yi) is a proper subgroup of G. Suppose that 
1 G 1 f 27 . 32 * 5 - 7 * 11. Then, by Sylow theorems, we see that 
1 G 1 = 27 * 32 * 5 * 7. Also, we see that a Sylow 3-normalizer in G must be 
of order 9 * 16. If E 4 G, then this fact contradicts the structure of 
N(E) = G. Hence E is not normal in G. But then we easily see that G must 
be a simple group. Also C,&) is either a splitting extension of E by S, or a 
splitting extension of E by L,(7). H owever, in the second case E 4 e, 
which is a contradiction. In the first case it follows by Janko [4] that 
G=A,, or G N M,, , which is a contradiction. Hence we must have 
ICI =27.32.5.7.11 and the lemma is proved. 
We now represent the group G on the 23 cosets of G modulo as a subgroup 
H of index 23. The character x of this permutation representation must be 
equal to 1 + 2, . Hence we may assume that G is a subgroup of the alter- 
nating group A,, acting on the letters 1, 2, 3,..., 23. 
The group G possesses elements /, m, 11 of orders 23, 11 and 5 respectively, 
so that we have 
p = p and m” = m3. 
Since an &,-subgroup of the normalizer of (d) in A,, has order 11, it 
follows that we may assume that 
t’= (1,2,3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19,20,21,22, 23). 
m = (1)(2, 3,5,9,17,10,19,14,4,7, 13)(6, 11,21,18,12,23,22,20, 16,8, 15). 
Since x(n) = 3, it follows that n is of the form 
n = (1) (x2) (x3) (x4 > x5 t X6 > x7 9 -4 (X6 3 30, x11 > Xl2 > x13) 
x (x14 9 x15 9 X16 9 37 9 d 6% 9 x20 > x21 8 x22 Y x22). 
Put 
91 = {2,3, 5,9, 17, 10, 19, 14,4,7, 131, 
dip, ={6, 11,21, 18, 12, 23, 22,20, 16, 8, 15}. 
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We see that we may assume that xa E Pi and x, E Ppz . By replacing n with 
n”’ (for some z’), if necessary, we see that we may assume that x2 = 2 and so 
n = (1) (2) (x3) (3,9,7, 10, 17) (5, 19, 14, 13,4) a**. 
If xs = 11, then z% has order 36; if x, = 21, then &z has order 85; if xa = 18, 
then z% has order 57; if xa = 12, then 8% has order 57; if xa = 23, then &z 
has order 55; if xa = 22, then en has order 85; if xs = 20, then en has order 48; 
if x, = 16, then z% has order 40; if xa = 8, then /n has order 20. These cases 
cannot occur and so xs = 6 or xs = 15. Hence we have the following two 
possibilities, n, and n2 , for n: 
n1 = (1) (2) (6) (3, 9, 7, 10, 17) (5, 19, 14, 13,4) (11, 18, 8, 23, 12) 
x (20, 15, 16,21,22), 
n2 = (1) (2) (15) (3, 9, 7, 10, 17) (5, 19, 14, 13, 4) (6,21, 16, 12, 18) 
x (8, 20, 11, 23, 22). 
Take the following odd permutation: 
a = (1) (2, 15,13,8,7,16,4,20,14,22,19,23,10,12,17,18,9,21,5, 11,3,6). 
Then we see that 
nlN = n2 , &a = 814, mm = m. 
Hence the groups G1 = (8, m, n,) and G, = (6, m, n,) are conjugate in the 
symmetric group S,, . On the other hand we see that t3n, has order 14 and 
P4n, has order 6. Thus we have 1 G1 1 3 22 -3 * 5 * 7 * 1 I * 23. Since G1 
contains a Sylow 11-normalizer in G and a Sylow 23-normalizer in G, it 
follows that 1 G : G1 / = 1 (mod 1 l), / G : G1 ) = 1 (mod 23), and 1 G : Gi 1 
divides 2” * 3, where we have assumed that G1 _C G. This gives Gi = G. We 
have proved the following result: 
LEMMA 17. The group G is isomorphic to the subgroup (l, m, n,) of A,, . 
Finally, the Lemmas 5 and 17 prove the statements of our theorem. 
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